In this paper, we study the preservation of quadratic conservation laws of Runge-Kutta methods and partitioned Runge-Kutta methods for Hamiltonian PDEs and establish the relation between multi-symplecticity of Runge-Kutta method and its quadratic conservation laws. For Schrödinger equations and Dirac equations, the relation implies that multi-sympletic RungeKutta methods applied to equations with appropriate boundary conditions can preserve the global norm conservation and the global charge conservation respectively.
Introduction
Consider the differential equation
a non-constant function I : R m −→ R is called its first integral, if I(z) satisfies
∇I(z)
T f (z) = 0, for all z ∈ R m .
This implies that dI dt = 0, i.e., I(z(t)) is a constant along the integral curves of (1) . A numerical scheme z k+1 = ϕ ∆t (z k ) applied to (1) is called invariant-preserving if the first integral I is preserved exactly, i.e. I(z k+1 ) = I(z k ). Preserving first integrals is important not only because of their physical relevance in mechanics and astronomy, but also because they can ensure the long time computing stability. Specially, if I(z) is a quadratic function, then I is called a quadratic invariant of (1) . Quadratic invariants appear very often in applications, the conservation law of angular momentum in N body systems, the conservation of total angular momentum and kinetic energy of the rigid body motion etc. are the examples, we refer the readers interested in it to [4, 7, 14, 16] and references therein for their more applications.
System (1) is called Hamiltonian, if it is defined in an even dimensional space R 2n and its vector field f : R 2n −→ R 2n can be written as
where J 2n is the standard 2n × 2n skew-symmetric matrix. Linearizing (1) with f in the form of (2) around z ∈ R 2n , we get the variational equation of (1) as follows
Define a two form ω J 2n with J 2n on R 2n
The fundamental geometric property of Hamiltonian equation (1) is that it conserves symplecticity
where U, V are any pair of solutions of variational equation (3) . Applying a numerical scheme to Hamiltonian system (1), the numerical scheme is called symplectic if it conserves the discrete version of (4)
where d i t is discretization of the derivative d dt , and {U i , i ∈ Z}, {V i , i ∈ Z} satisfy the discrete variational equation
The relation between preservation of quadratic first integrals and symplecticity was first stated in [3] without considering the irreducibility of numerical scheme. For Runge-Kutta method, [3] has shown that the conservation of quadratic first integrals implies symplecticity. Further, this idea was generalized straightly forward to B-series integrator including Runge-Kutta methods, general linear methods etc, please see [5, 8] for more details. We follow the idea in [3, 7] with Runge-Kutta methods in the following reformulation. Rewritting (3) as the following equations
Noticing D zz H(z) is the Hessian matrix, it is obvious,
This indicates that (8) is a quadratic first integral of (7). The Runge-Kutta method applied to (1) with (2) is as follows
After linearizing (9), the corresponding variational equations are
By observation, we notice that (10) is exactly the same as that obtained from applying Runge-Kutta method (9) to variational equation (3) of (1). So it is easy to know, if (9) preserves quadratic first integrals of (1), then (10) will preserve quadratic first integrals of (3) and (7) . Since the quadratic conservation law (8) of (7) implies the fundamental geometric property of Hamiltonian system (1), the preservation of (8) by (10) reveals that Runge-Kutta method (9) is symplectic. On other hand, sympleticity implies conservation of quadratic first integrals [8] . For Hamiltonian PDEs, some natural questions are: which kind of conservation laws of system can be preserved exactly by multi-symplectic numerical methods? Is the relation between symplecticity of Runge-Kutta method and its quadratic conservation laws in Hamiltonian ODEs also true for Hamiltonian PDEs? These questions are not trivial and they are important. The study of these questions is main purpose of this paper. This paper is organized as follows. In the next section, for the first order PDEs we introduce the concept of quadratic conservation laws whose examples can be found in the expression of local energy conservation, local momentum conservation for wave equations and local norm conservation and local charge conservation for Schrödinger equations and Dirac equations [1, 17] respectively. They are shown to be the global conservation property when an appropriate boundary condition, for instance, periodic boundary condition is used [1, 17, 10, 11, 12] . The relation between multisympelcticity of Runge-Kutta method for Hamiltonian PDEs and its quadratic conservation laws is revealed in third section. For Schrödinger equations and Dirac equations, the preservation of quadratic conservation laws provides the local norm conservation and local charge conservation. They imply the global norm conservation and global charge conservation presented in [10, 12] when apply the multi-sympelctic Runge-Kutta methods to these equations with periodic boundary conditions. In fourth section, we discuss the conservation property of partitioned Runge-Kutta methods.
Quadratic conservation laws
We start this section from the following first order partial differential equation [18] 
where L 1 , L 2 are two constant matrices, (t, x) ∈ R 2 are the independent variables and z ∈ R n is the dependent variable, h : R n −→ R is a function. It is clear that the multi-symplectic PDEs provided by [1, 2, 17 ]
with M and K being two constant skew-symmetric matrices on R n , are a particular class of type (11) . We introduce the definition of conservation laws for PDEs in the form of (11) Definition 2.1. If there exist two smooth functions F , G : R n −→ R such that
holds for arbitrary solution z(x, t) of (11), then (13) is called a conservation law of (11) . Specially, if F (z) = z TL 1 z and G(z) = z TL 2 z are two quadratic functions withL 1 ,L 2 being symmetric matrices, then (13) is written as
It is said to be a quadratic conservation law of (11).
Remark 2.2. (14) have the following equivalent formulations
for arbitrary solution z of PDE (11) .
In fact, if (14) is a quadratic conservation law of (11) and L 1 is non-degenerate, then
similarly, when L 2 is non-degenerate, we have
We illustrate the quadratic conservation law in Definition 2.1 with Schrödinger equations and Dirac equations. 
Let ψ = p + qi and set z = (p, q, v, w) T = (p, q, p x , q x ) T , (17) can be rewritten in the following formulation [2, 9, 10, 11, 12, 17] 
Apparently, (18)- (21) is a form of (12) 
Multiplying (18) by q, (19) by −p, (20) by w and (21) by −v, then taking their sum, we gain a quadratic conservation law of (18)-(21) 
Example 2.4. Dirac equation
where m and λ are real constants, ψ = (ψ (1) , ψ (2) ) T is a spinorial wave function which describes a particle with the spin − 1 2 and its entries ψ (1) and ψ (2) being complex functions, describe the up and down states of the spin− (24) is rewritten as the following equations [9, 12] by taking
This implies that (25)-(28) is in the form of (12) with two skew-symmetric matricesM =
Multiplying (25) by p (1) , (26) by q (1) , (27) by p (2) and (28) by q (2) , then taking their sum, we gain the following equality
which can be written in the form of (14) with two symmetric matricesL 1 = (2) , q (1) , q (2) ). Therefore, Dirac equation has a quadratic conservation law in the form of Definition 2.1.
Remark 2.5. We call quadratic conservation laws (22) and (29) the local norm conservation and local charge conservation respectively for that they are equivalent to the global conservation law when taking the integral of (22) and (29) over spatial domain and choosing an appropriate boundary condition.
We consider (18)- (21) and (25)- (28) with periodic boundary conditions. Integrating (22) and (29) over spatial domain, it reads d dt
Under periodic boundary conditions, the second terms of above equalities vanish. Therefore, we obtain
(30) shows the global norm conservation for nonlinear Schrödinger equations, (31) shows the global charge conservation for Dirac equation. They are important conservative physical quantities.
Runge-Kutta methods and conservation laws
In this section, we consider PDE (11) and assume that (11) has the quadratic conservation law in the form of (14) . Discretizing (11) by a pair of s stage and r stage Runge-Kutta methods in space and time respectively, we obtain
Here, we use notation
r of numerical scheme (32)-(36) satisfy
then the integrator (32)-(36) preserves the discrete quadratic conservation law of (11)
Proof. Multiplying (32) by ∆t∆xb mL1 (z 1 m + z 0 m ) and taking the sum for m from 1 to r, we obtain
Using equalities (32) and (33), we proceed with
Substituting the above equality into (39), then
In the last equality, we have used the assumption
Similarly, multiplying (34) by ∆t∆xb iL2 (z i 0 + z i 1 ) and taking the sum for i from 1 to s, we have
It follows from (34) and (35) that
Here, the conditionb mãmn +b nãnm −b mbn = 0, m, n = 1, · · · , r has been used for the last equality.
Combining (40) and (42), we conclude
The proof of this Theorem is completed.
Remark 3.2. In the proof of Theorem 3.1, the following fact that
, has been used. 
(42) is written as
where 
Extend (36) for Schrödinger equations to
By the similar calculation to Example 2.3 for the local norm conservation in continuous sense, we derive
Taking the sum of equation (52) 
By observation, the equality on right hand vanishes under periodic boundary conditions. 
Applying Theorem 3.1 to Dirac equation, we obtain
Taking the sum of equation (53) 
Theorem 3.1 has shown that for multi-symplectic PDE (12), the multi-symplecticity of RungeKutta method (32)-(36) under the assumption of coefficients of Theorem implies the preservation of quadratic conservation laws in the discrete sense. We like to point out the preservation of quadratic conservation laws also implies the multi-symplecticity of Runge-Kutta method applied to (12) .
Taking the linearization of (12) around z, we obtain its variational equation
We rewrite variational equation (54) as follows
obviously, ( 54) have a quadratic conservation law
it can be reduced to
where U, V are two solutions of variational equation (54). Applying (32)-(36) to multi-symplectic PDE (12) and taking the linearization, it reads
We notice that (59)-(63) can also be obtained by discretizing (54) with the Runge-Kutta method (32)-(36). If Runge-Kutta method (32)-(36) preserves the quadratic conservation laws of PDE (11) in the discrete sense, then it also preserves the discrete version of quadratic conservation law (57) when we apply (32)-(36) to (56). This implies that (58) holds in the discrete sense with the numerical solution satisfying the discrete variational equations (59)-(63). Hence we have the following conclusion Theorem 3.5. Applying the Runge-Kutta method (32)-(36) which preserves the discrete quadratic conservation laws of (11) to multi-symplectic PDE (12) , then the resulting discretization is multisymplectic (i.e., it preserves the discrete multi-symplectic conservation law).
Conservation laws for partitioned Runge-Kutta methods
In the previous section, for PDE (11) we have discussed the Runge-Kutta method and its quadratic conservation laws, in this section, we turn our attention to partitioned Runge-Kutta method applied to (11) . In general, such methods cannot conserve general quadratic conservation laws in the form of Definition 2.1, even in the case of [16] .
Consider an ordinary differential equation in the partitioned forṁ
Suppose
p q is the quadratic invariant of (64), then we have
where C 1 , C 3 are two symmetric matrices. The partitioned Runge-Kutta method for (64) is
We use notation
then the preservation of conservation laws for (66) can be formulated as 
then the partitioned Runge-Kutta method (66) preserves quadratic invariants in the following form
with C 1 , C 3 being symmetric matrices.
Proof. From these relations of (66), it is easy to know
Under assumption (67) of this proposition and condition (65), this proof is finished.
Noticing the condition with that the partitioned Runge-Kutta method preserves the quadratic conservation laws, we expect the similar result when it is applied to PDEs. Here PDE (11) is investigated. We express it in the following blocked formulation
where L 11 , L 21 are n 1 ×n 1 matrices, L 14 , L 24 are n 2 ×n 2 matrices. We also write symmetric matrices
, whereL 11 andL 21 are n 1 × n 1 symmetric matrices,L 13 andL 23 are n 2 × n 2 symmetric matrices. Therefore, (14) is rewritten as
Now we apply the partitioned Runge-Kutta method to (78)
From (70)- (74), we get
where we assume b n a (2) nm .
In the same idea to Proposition 4.1 , we reach the following result 
Remark 4.4. These conditions listed in Theorem 4.2 imply the multi-symplecticity of partitioned Runge-Kutta methods (70)-(74) applied to multi-symplectic PDEs [9] . Therefore, we conclude that multi-symplectic partitioned Runge-Kutta method satisfying the conditions of theorem 2.1 [9] , preserves the discrete quadratic law in the form of Theorem 4.2.
Remark 4.5. The definition 2.1 and the study of conservation laws in this paper can be generalized naturally to higher-dimensional PDEs
where n ≥ 2.
